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Abstract 
Graphene nanoribbon (GNR) with free edges demonstrates unique pre-existing edge energy 
and edge stress, leading to non-flat morphologies. Using molecular dynamics (MD) methods, 
we evaluated edge energies as well as edge stresses for four different edge types, including 
regular edges (armchair and zigzag), armchair edge terminated with hydrogen and 
reconstructed armchair. The results showed that compressive stress exists in the regular and 
hydrogen-terminated edges along the edge direction. In contrast, the reconstructed armchair 
edge is generally subject to tension. Furthermore, we also investigated shape transition 
between flat and rippled configurations of GNRs with different free edges. It was found that 
the pre-existing stress at free edges can greatly influence the initial energy state and the shape 
transition.    
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1. Introduction 
Graphene, a stable monolayer of honeycomb lattice of sp2-hybridized carbon atoms, 
possesses intriguing electrical, mechanical and thermal properties [1-4]. Recently, graphene 
nanoribbons (GNRs) with free edges are attracting increasing research effort, due to their 
great potential for applications in next generation nanoelectronics. It was found that the local 
edge state in GNRs with zigzag edge is featured by non-bonding molecular σ-orbitals near 
the Fermi energy [5], resulting in a characteristic of metallic materials. On the other hand, 
armchair GNRs demonstrates either metallic or semiconducting properties depending on the  
width of the nanoribbon [6,7]. In addition, a range of functional groups can be introduced to 
the free edges of GNR to tailor its electronic properties [8-10]. For GNRs, the free edges of 
these 2D nano-structures are similar to the free surfaces of a 3D nano-structure where non-
zero surface stresses often exist. The carbon atoms located at free edges of GNRs are 
obviously different from those at the centre. Therefore, the C-C bonds at GNR edges are 
longer or shorter than the normal bonds with a length rC-C=1.42 Å, inducing tensile or 
compressive stress at these edges [11-15]. Edge-stress states in GNRs can also been varied by 
several types of edge functionalizations. Subsequently, such non-zero stress states make GNR 
deviated from its flat configuration and create rippled or curled shapes [12,15]. Although 
edge stresses in GNRs have been widely investigated using continuum mechanics and density 
functional theory (DFT), the edge effect and shape transition in GNRs have not been well 
understood and further work is much required.  
Recently, it has been confirmed molecular dynamics (MD) is a powerful tool to simulate the 
structure –property relationships in carbon based materials such as carbon nanotube [16-18] 
and graphene [19]. In this work, MD simulations were conducted to evaluate the energies and 
stresses at regular (armchair and zigzag) edges, armchair edge terminated with hydrogen and 
reconstructed armchair edge in GNRs. In addition, edge-stress-induced morphologies of 
GNRs and energy barriers for shape transition were investigated as well.  
2. MD simulation   
To calculate edge energies and edge stresses in GNRs, atomistic models of GNRs with 
regular edges (armchair and zigzag edges), hydrogen-terminated armchair edges (r-H edges) 
and reconstructed pentagons-hexagons-ring edges (r-5-6 edges) were built, as shown in Fig. 1. 
Periodic boundary conditions (PBCs) were applied along the length direction of all GNRs. 
The models were firstly relaxed to a minimum energy state using the conjugate gradient 
energy minimization. Then, Nose-Hoover thermostat [20,21] was employed to equilibrate the 
GNRs with different edge types at a certain temperature. In the MD simulations, the adaptive 
intermolecular reactive bond order (AIREBO) potential [22] implemented in the software 
package LAMMPS [23], was utilized to simulate covalent bond formation, breaking and 
rotation, as given in Eq. 1 
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Where REBOijE  term is the REBO interaction, which is based on the form proposed by Tersoff 
[24]; LJijE  is the Lennard-Jones (LJ) 12-6 potential; 
TORSION
kijlE  is the explicit 4-body potential 
that describes various dihedral angle preferences in the hydrocarbon systems. To avoid  
overestimation of the force to break a C-C covalent bond, we have increased the cut-off 
distance for the covalent interaction from 1.7 to 1.95 Å [25].  
To evaluate energy barriers for shape transition in GNRs, nudged elastic band (NEB) method 
[26] was employed to determine the minimum energy path (MEP) for shape transition. The 
MEP is a continuous path in a 3Natom-dimensional configuration space (Natom is the number of 
free atoms). The atomic forces are zero at any point in the (3Natom-1)-dimensional hyperplane 
perpendicular to the MEP. The energy barrier for shape transition of GNRs can be 
determined by the saddle points on the MEP. In our NEB calculations, the MEPs were 
determined by 20 equally spaced replicas connected by elastic springs. The calculations 
converged when the force on each replica was less than 0.03 eV/Å. A continuous MEP was 
then obtained by polynomial fitting of the discrete MEP [27]. 
3. Results and discussion 
3.1. Validation of MD model 
In order to validate the MD simulation approach, the model was simulated at 300 K under 
tensile loading along both armchair and zigzag directions. The nominal fracture strengths 
along armchair and zigzag directions are 91 and 105 GPa. In terms of true (Cauchy) stress, 
the corresponding fracture strengths are 104 and 127 GPa, and true fracture strains are 0.14 
and 0.21, respectively. These values are in good agreement with experimental results, i.e. 
σf≈130 GPa and εf≈0.25 [4] as well as previous MD simulation results [28], which proves the 
validity and accuracy of our simulation model. 
3.2. Evaluation of edge stress of GNRs 
The edge energy and edge stress of 2D crystalline material such as GNRs can be defined in a 
similar way to 3D crystalline material [29]. For GNRs, edge energy γ is referred to as the 
energy required to create unit length new edge. Edge stress τ is defined as the energy to 
deform a pre-existing edge. Represented by Taylor expansion of edge energy within the 
elastic range of strain (ε≤1), the relationship between edge energy and edge stress is given as 
[30] 
                                                         ( ) 0γ ε γ τε= +                                                                   (2) 
where γ0 is the edge energy of undeformed GNR edges.  
For the regular edges (armchair and zigzag), the edge energy can be calculated from the total-
energy difference between a GNR with free edges and a periodic graphene sheet (GS) with 
the same dimensions, i.e., ( )1
2 GNR GS
E E
L
γ = − , where EGNR is the total energy of GNR; EGS 
is the total energy of GS; L is the total length of free edges. The edge energy with regard to 
the width of GNR is shown in Fig. 2. The maximal variation of edge energies for zigzag edge 
and armchair edge are by 2.8% and 5.7%, respectively. Such negligible difference indicates 
that the edge energy is almost independent on GNR width. The average values of edge energy 
are 0.992 eV/Å for zigzag edge and 1.076 eV/Å for armchair edge. Hence, armchair edge 
energy is 0.084 eV/Å higher than zigzag edge energy. This result is different from the DFT 
calculation [11,14,31], which reported a lower energy in the armchair edge.  
To estimate the edge stresses, a range of strains (-0.6% to +0.6% with an increment of 0.2%), 
were applied to both the zigzag and armchair edges. According to Eq. 2, edge stress can be 
determined by ( )( )0τ γ ε γ ε= − . Fig. 3 shows variation of edge stress with GNR width. The 
average values of edge stress are -3.643 eV/Å for zigzag edge and -2.9211 eV/Å for armchair 
edge. Both edge stresses are negative, indicating that both zigzag and armchair edges are 
under compression along the edge direction. The zigzag edge stress is larger than armchair 
edge stress (Fig. 3), in contrast to DFT calculation [11]. It was found that the magnitude of 
edge stress increases with the GNR width.  
For the r-H and r-5-6 edges, the edge energy between GNR and periodic GS cannot be 
directly estimated due to the existence of hydrogen atoms. Here, we employed the method 
being used to evaluate the surface stress of Cu with adatoms [30]. In this case, edge stress can 
be determined by 
                                            2U L W eτ ε∆ = + ∆                                                                 (3) 
Where ∆U is the energy required to strain the system under given strain ε; W is GNR width; 
∆e is the elastic energy stored per unit GNR width. When W approaches to zero, U γ∆ = ∆
(∆γ is the total change of surface energy). By plotting ∆U vs. GNR width and extrapolating 
the curve to W=0, we can obtain ∆γ for a given strain ε. Then, we plot ∆γ against length 
change L Lε∆ = , and use the curve slope as the edge stress. As shown in Fig. 4, the edge 
stress for r-H is only -0.05 eV/Å and negligible as compared with regular edges. However, 
the edge stress for r-5-6 edge is 3.495 eV/Å in tension along the edge direction. Such positive 
edge stress is consistent with positive edge energy change ∆γ according to Eq. 3. This 
positive edge stress was also confirmed by continuum mechanics method [15].  
3.3. Shape transition in GNRs 
The pre-existing edge stresses can result in structural instability of GNRs. To investigate 
rippled configurations of GNRs caused by edge stresses, we applied out-of-plane perturbation 
( ) ( ) 21 2 1, sin x lw x x A kx e−=  to GNR with regular and r-H edges and ( ) ( )1 1sinw x A kx=  for 
that with r-5-6 edges, where x1, x2 are coordinates in the direction of model length and width, 
respectively [12]. k is the wave number, A is perturbation amplitude, l≈0.23λ is the length 
scale penetrating into the sheet, and λ is the wave length. Here, we apply k=1.0 and A=2.0Å 
to the GNRs with regular, r-H and r-5-6 edges (width is ~15.62Å and ~71.00Å). PBCs were 
applied to the GNRs with armchair and r-H edges, while non-PBCs were applied to the GNRs 
with r-5-6 edges in order to investigate the change of the configurations. Through NEB 
calculations, MEPs for shape transition of GNRs with three types of edges were investigated.  
For regular (armchair and zigzag) and r-H edges, as shown in the insert in Fig. 5, the initial 
flat configuration (state A) stays at the peak point of the energy landscape, with energy 
barrier 0ebE
+ =  ( ebE
+  stands for energy against shape transition from state A to B), which 
indicates that such state A is meta-state. Under a perturbation, the initial configuration 
translates into rippled configuration (state B). The energy barriers ebE
−  (energy against shape 
transition from state B to state A) is nearly independent of GNR width, and is about 0.3 eV 
for zigzag edge, 1.5 eV for armchair edge and 6.0 eV for r-H edge, separately. The width-
independent energy barrier is due to the fact that the ripples are generally confined in the 
edge areas.  
For the r-5-6 edge, however, the energy landscape for shape transition is different. The initial 
flat configuration stays in a local-energy-minimum state (state A) in Fig. 6(inset). The energy 
barrier ebE
+  has to be overcome to translate the initial configuration (state A) into rippled 
configuration (state B). The energy barrier ebE
+  is 7.05 eV for width 15.62Å, higher than 0.59 
eV for the width 71.00Å. For wide GNR, even small perturbation can trigger structural 
instability, generating obvious curling configuration, as shown in Fig. 7(a). With the decrease 
of GNR width, the influence of perturbation on the morphologies of GNR turns out weak (Fig. 
7(b)). While after large out-of-plane perturbation, both narrow and wide GNRs show obvious 
curling configurations with tapered ends, and the corresponding energy barriers ebE
+  rises to 
about 100 eV. The tensile edge-stress here serves as driving force for the shape transition of 
GNRs.  
4. Conclusions 
The free-edge effect on mechanical properties (edge energy and edge stress) and structural 
properties (shape transition) of GNRs was investigated using MD simulations. The results 
showed that compressive stress exists in the regular and r-H edges but r-5-6 edge is subject to 
tension along the edge direction. In addition, we demonstrated that edge stress plays a role in 
dictating the energy state of initial configuration of GNRs and the shape transition under 
external perturbation. The initial flat configuration of GNRs with regular and r-H edges is 
meta-stable and can be translated into a rippled shape under external perturbation, attributed 
to the compressive stress along the edges and high potential energy. In contrast, tensile stress 
at r-5-6 edge results in a lower potential energy and high (non-zero) energy barrier for shape 
transition. These results provide a useful way to control the configuration of GNRs and tailor 
their electrical properties. 
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 Fig. 1 Models of GNR with four types of edges: (a) zigzag, (b) armchair, (c) hydrogen-terminated 
armchair (r-H), and (d) pentagons-hexagons-ring (r-5-6) edges. 
 
 
 
Fig. 2 Edge energy γ for zigzag edge (blue line) and armchair edge (red line) with respect to GNR 
widths. 
 
 
 Fig. 3 Edge stress τ for zigzag edge (cyan line) and armchair edge (pink line) with respect to GNR 
widths. 
 
 
 
 
Fig. 4 Linear fitting of total length change (∆L) vs. total edge energy change (∆γ). The slope of fitted 
linear curve is edge stress τ. 
 Fig. 5 The minimum energy path (MEP) for shape transition in GNRs with a width of 15.62Å (width 
1) and 71.00Å (width 2) and regular and r-H edges. Inset shows energy landscape of shape transition 
subject to perturbation. 
 
Fig. 6 The minimum energy path (MEP) for shape transition in GNRs with a width of 15.62Å (width 
1) and 71.00Å (width 2) and r-5-6 edges. Inset shows energy landscape of shape transition subject to 
perturbation. 
 
Fig. 7 The perturbated configurations of GNRs with a width of (a) 15.62Å (width 1) and (b) 71.00Å 
(width 2) and r-5-6 edges. 
 
